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Vector algebra and geometry

You should be able to:

e represent vectors as column vectors, or using base vectors
4]
i,jand k, for example v = (Vz =vi+v,j+ vk
V3

o find the distance between points in the plane and in three
dimensions

e use both geometric and algebraic approaches for the
following:
= sum and difference of two vectors
= multiplication of a vector by a scalar, kv
= magnitude of a vector, |v|
= the vector —v
= the zero vector, v+ (~v) =0

® cxpress a vector AB in terms of its position vectors as
OB — OA

e find a unit vector parallel to a given vector.

You should know:

e 3 vector shows both direction and magnitude

e vectors are displacements in the plane and in three
dimensions

e the magnitude of a vector is denoted by |v| and is
determined by |v] = W2 + v,7 + v3?

e 3 vector —v has the same magnitude as v but is in the
opposite direction

e the vector AB is the vector that begins at A and ends at B
e a position vector OA begins at the origin and ends at A
e avector of magnitude 1 is called a unit vector

e kv is a vector of magnitude k |v| in the same direction
asv

e the sum or difference of two vectors can be found by
adding or subtracting their corresponding components

1 0 0
e the base vectorsi = (0),} = (1 ) and k= (0) have a
0 0 1

length of 1 unit and are parallel to the coordinate axes

e it is sometimes useful to find a vector of a given length.
To do this, multiply a unit vector by whatever length is
desired. For example, a vector of length 10 in the same

direction asv = ( 4
-3

vector of ¥ by 10, that is 10 X ﬁ

)can be found by multiplying the unit

Example

Three of the four vertices of a quadrilateral are given
as A(2,3,1),B(6,5,4)and C(3, 1, 5).

(a) Find the vector E, expressing your answer in the
form ai + bj + ck.

The vector AB is fomw{/ b/v m,bfrmfmﬁ the pforotwn, vector
:{/fAﬁom that 7(3 That is, AB = 0B - 04, Therefore,
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5o L&vtham]w&md,form/, AB =4+ 2f + 3k.

(b) Find IABI.
The m,aﬁmltm zrf/:g can be fown,d, ustng the formwéw for
the m/aﬂmétm z{f & vector,

aBl=AF + 27 + 5 =425




Vector algebra and geometry (continued)

(c) Given that the quadrilateral is a parallelogram, find Therefore,
the position vector of the fourth vertex, D. .
Medb%mm,;/wmrt/b pavallelogran ABCD with Az €D = A = ~4i - 3f = 3k, 50
— — /3 [ —F - 1\
parwéleito v Toﬁmifu coordinates r;/ D, we add the 0D =0t + (D 2( 1\ +( _2 :( _1)
vector CD to thefoﬂ/twn/w ctor OC, We adso see from the s/ V-3 2
aimﬁmm/ that (D = —AB. Hence, D has coovdinates (=1, ~1, 2) or position vector
B c 35
| -1].
\ 2

Be prepared

e You need to be able to solve vector problems set in either
two or three dimensions.

Scalar product

You should be able to: B c ;
e find the scalar product of two vectors |
e find the angle between two vectors 5] [
e state with reasons whether two vectors are parallel, !
perpendicular or neither. A D :
To ]%Ldtfwwrmctwnﬁée(), mreqmeth,emtorm& and8D. )
You should know: 43 A |
e the angle 6 between vectors A AC =000k :( Z,/ N ( '3) =1 _42) '.
is the angle formed when v ' IR
the starting points or e =7 &\ (=7
ending points of two vectors coincide Al ;7 - L ‘; B :g
e the scalar product is defined by v - w = |v||w| cos¥, A
where @ is the angle between the two vectors Using thefomm[wcorﬂ _ AC- BD we have |
v W, |ac|| 80 |
e ifv=|V2|and w=|W,|, then the component formula for ¥
(vi) (Wi) '° AC-BD = (1)(-7) + (-2)(-6) + (4)(-2) |
the scalar product is given by v - w = v,w; + v,W, +V3W; =-3 ’
e if the scalar product is less than zero, that is v - w < 0, the L;é! =27
angle between the two vectors is obtuse, and if v - w >0, 9 .
the angle between the vectors is acute |BD[ = V83
e vectors are perpendicular if and only if v - w =10 0 cos0 = and 0 = 1.64 radians corvect to thiee
e vectors are parallel if v - w = £|v||w| as the angle Fx N/—_
between them is either 0 or m. significant figuies.
Example Be prepared
The vertices of a parallelogram are given as A(2,3,1), o state clearly which vectors you are using when finding the
B(6, 5,4), C(3, 1, 5) and D(~1, -1, 2). Find the acute angle between two vectors. Remember that AB is not the
angle between the diagonals of the parallelogram. same as BA.
Sketching a diagram will help you see urhat rectors to use. o Show working or evidence of finding the scalar product
The ture d&wﬁomés arve AC and 8D. and the magnitudes of each of the two vectors.
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Vector equation of a line

You should be able to:

e express the equation of aline in the formr=a + tb
where a is the position vector of a point on the line and b
is a vector representing the direction of the line

e interpret t as time, b as the velocity and |b| as the speed
of an object in motion.

You should know:

e you can write the vector equation of a line if you know the
coordinates of any two points A and B on the line. The

vecior AB gives the direction of the line and either OA or OB
can be used as the position vector of a point on the line

e the vector equation of a line is not unique
. . . u
e an object with a velocity vector (u;) moves parallel to the
Uy .
vector (u;) with a speed of Ju.2 + u,?.
Example

A line L passes through the points A(3, 2, 1) and
B(1, 5, 3).

(a) Find the vector AB.

— > — [ =2
AB:OBmOA=( 3 )
§ Z

(b) Write down a vector equation of the line L in the
formr=a+1tb.

Using AB as the direction (f the line andthe [w:éfioh/

_ - B L
vector OA zyfpmlnt/f onthe line, we haver = (2) - f( 3
7. 2
Note that we could have used the position vector zzf
point B on the line and/or any scalar mwéﬁlp%e/ @ZAB to

write a d,é/j‘ermt equation representing the same line.

Hence, the vector equAtLon cf a Line is wot unique.

Be prepared

e Do not confuse the vectors @ and b. They are not
interchangeable.

e Write your answer as an equation.

e Motion problems can be set in either two or three
dimensions.

e Giving an answer such as

3 -2
L= (2) + t( 3) does not give a correct equation for a line.
1 2

j

Intersections and angles

You should be able to:

¢ find the angle between two lines

e find the coordinates of the position vector of the point of
intersection of two lines.

You should know:
e to find the angle between two lines expressed in vector
form, find the angle between their direction vectors

e to find the position vector of the point of intersection of two
lines expressed in vector form, you must set their x, y and z
components equal to each other.

Example
A line L, has equation

ri=(5+9)i+ (11 =2s) + (=8 +35)k.
A second line L, has equation

r,=2i+ 9 + 13k + (i + 2j + 3k).

Find the angle between lines L, and L,.

Although L is expressed differently, it can be written iny
theformr = a+sbasy, = =50+ 11f - 8k + 5(i ~ 2/ + 3k).
The dirvection vector [if' L is :: —’{x’f | The divection vector
of 'L, i | 2 |, The angle 0 {’ﬁf’rf?:{:‘}{ the lises is the sameas
the twtﬁ[; between the divection vectors. Merefom,

!I _.f_',j | . [

"o~y

W

costl = — = (0.42857...

Vid x V14

and 0 = 1.13 radians to three ﬂ'ﬁmlﬁoa,mt ﬁﬁwrer.

Be prepared

e Use a different parameter, such as s and t, when
expressing two different lines in vector form.




