Focus on Modeling
Fitting Sinusoidal Curves to Data

In the Focus on Modeling that follows Chapter 2 (page 239), we learned how to con-
struct linear models from data. Figure 1 shows some scatter plots of data; the first plot
appears to be linear but the others are not. What do we do when the data we are study-
ing are not linear? In this case, our model would be some other type of function that
best fits the data. If the scatter plot indicates simple harmonic motion, then we might
try to model the data with a sine or cosine function. The next example illustrates this

process.
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Table 1
Time Depth (ft)

12:00 A.Mm. 9.8
1:00 A.M. 114
2:00 A.M. 11.6
3:00 A.M. 11.2
4:00 A.M. 9.6
5:00 A.M. 8.5
6:00 A.M. 6.5
7:00 A.M. 5.7
8:00 A.M. 54
9:00 A.M. 6.0
10:00 A.Mm. 7.0
11:00 A.Mm. 8.6
12:00 p.Mm. 10.0

Example 1 Modeling the Height of a Tide

The water depth in a narrow channel varies with the tides. Table 1 shows the water
depth over a 12-hour period.

(a) Make a scatter plot of the water depth data.

(b) Find a function that models the water depth with respect to time.

(c) If a boat needs at least 11 ft of water to cross the channel, during which times
can it safely do so?

Solution

(a) A scatter plot of the data is shown in Figure 2.
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460 Focus on Modeling

(b) The data appear to lie on a cosine (or sine) curve. But if we graph y = cos ¢
on the same graph as the scatter plot, the result in Figure 3 is not even close to
the data—to fit the data we need to adjust the vertical shift, amplitude, period,
and phase shift of the cosine curve. In other words, we need to find a function
of the form

y=acos(w(t —c)) +b

We use the following steps, which are illustrated by the graphs in the margin.

Figure 3
B Adjust the Vertical Shift

Y A (ft) The vertical shift b is the average of the maximum and minimum values:
12 y=cost+ 8.5

b = vertical shift

1 ) ..
= ) + (maximum value + minimum value)

1
= (116 +54) = 85

(h)
= Adjust the Amplitude

The amplitude a is half of the difference between the maximum and minimum
values:

a = amplitude

1 . .
=3 (maximum value — minimum value)

1
= (116 = 5.4) = 3.1

®  Adjust the Period

The time between consecutive maximum and minimum values is half of one
period. Thus

w .
—— = period
1)

= 2+ (time of maximum value — time of minimum value)

=208 -2)=12

Thus, w = 27/12 = 0.52.



[y = 3.1cos(0.52(t — 2.0)) + 8.5
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®  Adjust the Horizontal Shift

Since the maximum value of the data occurs at approximately ¢ = 2.0, it
represents a cosine curve shifted 2 h to the right. So

¢ = phase shift
= time of maximum value

=20

8 The Model

We have shown that a function that models the tides over the given time period
is given by

y = 3.1 cos(0.52(r — 2.0)) + 8.5

A graph of the function and the scatter plot are shown in Figure 4. It appears
that the model we found is a good approximation to the data.

We need to solve the inequality y = 11. We solve this inequality graphically

by graphing y = 3.1 cos 0.52(r — 2.0) + 8.5 and y = 11 on the same graph.
From the graph in Figure 5 we see the water depth is higher than 11 ft between
t = 0.8 and ¢ = 3.2. This corresponds to the times 12:48 A.M. to 3:12 A.M. ]

13’5%0,8 tx3.2
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Figure 5

In Example 1 we used the scatter plot to guide us in finding a cosine curve that

For the TI-83 and TI-86 the command gives an approximate model of the data. Some graphing calculators are capable of

SinReg (for sine regression) finds the  finding a sine or cosine curve that best fits a given set of data points. The method these

sine curve that best fits the given data. calculators use is similar to the method of finding a line of best fit, as explained on
pages 239-240.

Example 2 Fitting a Sine Curve to Data

(a)

Use a graphing device to find the sine curve that best fits the depth of water
data in Table 1 on page 459.

(b) Compare your result to the model found in Example 1.
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SinReg
y=a*sin(bx+c)+d
a=3.097877596
b=.5268322697
c=.5493035195
d=8.424021899

Output of the SinReg function on the
TI-83.

Solution

(a) Using the data in Table 1 and the SinReg command on the TI-83 calculator, we
get a function of the form

y=asin(bt + c) +d
where
a=3.1 b =053
¢ = 0.55 d =842
So, the sine function that best fits the data is
y = 3.15sin(0.53¢ + 0.55) + 8.42

(b) To compare this with the function in Example 1, we change the sine function to
a cosine function by using the reduction formula sin u = cos(u — 7/2).

y = 3.1sin(0.537 + 0.55) + 8.42
=31 COS<0.53I + 0.55 — 72T> + 8.42 Reduction formula

= 3.1 cos(0.53t — 1.02) + 8.42
= 3.1 cos(0.53(t — 1.92)) + 8.42 Factor 0.5%

Comparing this with the function we obtained in Example 1, we see that there
are small differences in the coefficients. In Figure 6 we graph a scatter plot of
the data together with the sine function of best fit.

YA (ft)

Figure 6 [

In Example 1 we estimated the values of the amplitude, period, and shifts
from the data. In Example 2 the calculator computed the sine curve that best fits
the data (that is, the curve that deviates least from the data as explained on page 240).
The different ways of obtaining the model account for the differences in the
functions.



Problems

Fitting Sinusoidal Curves to Data

1-4 = Modeling Periodic Data A set of data is given.

(a) Make a scatter plot of the data.
(b) Find a cosine function of the form y = a cos(w(t — ¢)) + b that models the data,

as in Example 1.
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(c) Graph the function you found in part (b) together with the scatter plot. How well does
the curve fit the data?

E% (d) Use a graphing calculator to find the sine function that best fits the data, as in

Example 2.

(e) Compare the functions you found in parts (b) and (d). [Use the reduction formula
sinu = cos(u — m/2).]

1. 2. 3. 4,
4 y ! y ! y 4 y
0 2.1 0 190 0.1 21.1 0.0 0.56
2 1.1 25 175 0.2 23.6 0.5 0.45
4 —0.8 50 155 0.3 24.5 1.0 0.29
6 —2.1 75 125 0.4 21.7 1.5 0.13
8 —1.3 100 110 0.5 17.5 2.0 0.05
10 0.6 125 95 0.6 12.0 2.5 —0.10
12 1.9 150 105 0.7 5.6 3.0 0.02
14 1.5 175 120 0.8 22 3.5 0.12
200 140 0.9 1.0 4.0 0.26
225 165 1.0 3.5 4.5 0.43
250 185 1.1 7.6 5.0 0.54
275 200 1.2 13.2 5.5 0.63
300 195 1.3 18.4 6.0 0.59
325 185 1.4 23.0
350 165 1.5 25.1

5. Annual Temperature Change The table gives the average monthly temperature in

Montgomery County, Maryland.

(a) Make a scatter plot of the data.

(b) Find a cosine curve that models the data (as in Example 1).

(c) Graph the function you found in part (b) together with the scatter plot.

E% (d) Use a graphing calculator to find the sine curve that best fits the data (as in

Example 2).
Average Average
Month temperature (°F) Month temperature (°F)
January 40.0 July 85.8
February 43.1 August 83.9
March 54.6 September 76.9
April 64.2 October 66.8
May 73.8 November 55.5
June 81.8 December 44.5
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6. Circadian Rhythms Circadian rhythm (from the Latin circa—about, and
diem—day) is the daily biological pattern by which body temperature, blood pressure,
and other physiological variables change. The data in the table below show typical
changes in human body temperature over a 24-hour period (¢ = 0 corresponds to
midnight).

(a) Make a scatter plot of the data.
(b) Find a cosine curve that models the data (as in Example 1).

(c) Graph the function you found in part (b) together with the scatter plot.

Eﬁ (d) Use a graphing calculator to find the sine curve that best fits the data (as in
Example 2).
Body Body
Time temperature (°C) Time temperature (°C)
0 36.8 14 37.3
2 36.7 16 37.4
4 36.6 18 37.3
6 36.7 20 37.2
8 36.8 22 37.0
10 37.0 24 36.8
12 37.2

7. Predator Population When two species interact in a predator/prey relationship (see
page 432), the populations of both species tend to vary in a sinusoidal fashion. In a cer-
tain midwestern county, the main food source for barn owls consists of field mice and
other small mammals. The table gives the population of barn owls in this county every
July 1 over a 12-year period.

(a) Make a scatter plot of the data.
(b) Find a sine curve that models the data (as in Example 1).
(c) Graph the function you found in part (b) together with the scatter plot.
Eﬁ (d) Use a graphing calculator to find the sine curve that best fits the data (as in
Example 2). Compare to your answer from part (b).

Year Owl population
0 50
1 62
2 73
3 80
4 71
5 60
6 51
7 43
8 29
9 20

10 28
11 41
12 49
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8. Salmon Survival For reasons not yet fully understood, the number of fingerling
salmon that survive the trip from their riverbed spawning grounds to the open ocean
varies approximately sinusoidally from year to year. The table shows the number of
salmon that hatch in a certain British Columbia creek and then make their way to
the Strait of Georgia. The data is given in thousands of fingerlings, over a period of
16 years.

(a) Make a scatter plot of the data.
(b) Find a sine curve that models the data (as in Example 1).
(c) Graph the function you found in part (b) together with the scatter plot.

Eg (d) Use a graphing calculator to find the sine curve that best fits the data (as in
Example 2). Compare to your answer from part (b).

Year Salmon (X 1000) Year Salmon (X 1000)
1985 43 1993 56
1986 36 1994 63
1987 27 1995 57
1988 23 1996 50
1989 26 1997 44
1990 33 1998 38
1991 43 1999 30
1992 50 2000 22

9. Sunspot Activity Sunspots are relatively “cool” regions on the sun that appear as
dark spots when observed through special solar filters. The number of sunspots varies
in an 11-year cycle. The table gives the average daily sunspot count for the years
1975-2004.

(a) Make a scatter plot of the data.
(b) Find a cosine curve that models the data (as in Example 1).
(c) Graph the function you found in part (b) together with the scatter plot.

E% (d) Use a graphing calculator to find the sine curve that best fits the data (as in
Example 2). Compare to your answer in part (b).

Year Sunspots Year Sunspots Year Sunspots
1975 16 1985 18 1995 18
1976 13 1986 13 1996 9
1977 28 1987 29 1997 21
1978 93 1988 100 1998 64
1979 155 1989 158 1999 93
1980 155 1990 143 2000 119
1981 140 1991 146 2001 111
1982 116 1992 94 2002 104
1983 67 1993 55 2003 64
1984 46 1994 30 2004 40




